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Homomorphism&Ilsomorphism

Deﬂnation Let G be a group with respect to a binary
operation o and let G be another group with respect to g

binary operation o'. Letf: G—»> G bea mapping such that

e ~ flaob) = fia) o fib)
where, a, b € G and fla) and f{b) are their images under f.
Then the mapping f is said to be an homomorphism and we
say that G.is homomorhic to G'.

If the mapping f is a one-one and onto mapping, then fis
said to be an isomorphism and we say that G is isomorphic
to G.

Thus if fis an isomorphism, the following conditions are
satisfied.

(i) fis a homomorphism, that is fla o b) = fla) o’ fib)
l.e. fpreserves group operation. .

(ii) fis a one-one and onto mapping.



Ex 1- Let Ibe the additive group of integers and let E
be éle subgroup of even integers.

That is G =(I,+) and G = (E, "}

Consider the mapping f: I > E given by
filn) =2nwhere ne I

Show that fis an isomor‘phi‘sm

Soln. fpreserves operatmns in Gand G

Let m,1n¢ I Then

ﬂm ok n) 2(777 2= 71) = 2m + 27]

= fim) + fin



| Fis an onto lﬂ«'l')pll]‘l{” S”]{‘C
(l\ s6). ] -

SR ¢ 3} the 1mage of an nteper y €]
$ 18 &

an .
Ve
=Tl

nteper say 28 < K.:a :
‘- - : Again, /18 A one-one mapping, fo,
Jis one one ! Agai,  :
fim) = fin) = 2m = 2n

: =>m = n,
: " ' ] L ,
1S ¢ his
Thus we find that (i) f1s a homomorphism
and (n} fis one-one and onto mapping.

Hence fis an 1somorphism.

Ex. 2. Let Zbe the additive group of integers and jg,

G’ be the multiplicative group of numbers of the form
2™, where m =0, + s & By e

That is, G=(2Z, +) _

and G=[{2", m =0,x1, + 2, 35

Let the mapping :f:Z—> {2™ be defined by
Am)=2™; me L
Show that fis an isomorphism.
Soln. f preserves operation in Gand G'.
Let m, ne 1 Then
film+ n) = 2m*n — om . on
= flm) - fin)

Therefore fis a homomorphism.
f is onto -

Obviously fis an ontg mapping, s 1ce ‘the
Telmage-point of any element say 2k ¢ G'is kwhich e ] &
Sis one-one : Also fis one-one, since

T 1e - m = n

Hence fis an 1somorphism.



Example of a he

momorphiam which ¢ mnot
jromorphiam

N

Ex.i. Let {Z ) be ¢
i be a fived integey.
ﬂmf ma, acZ iy g
s&xﬂx Il*‘g Xs. ?? ¥

bhe additive group of integers. t.ggt
Show that the map f: Z sZgiven by
homomorphism.

b4 T?“.'rn

fig* b = mig+ b - Ma <+ mb e« fla) « )

Henoe fis a }'zm'numor'p}‘nam

But this

ht;wmr)morphlssm IS one-one but not onto if
me ]

bsolute value 1. Show that the

y6€ Risa homomorphi.sm.
Soln. Let 8,, 8, € R. Then

f18,.4 8,) = 0y 0 . _m, y D2

=e¥. 1 forn « 0, 1,238,
In fact, if we take 0

= 27 and 0, = 47 then 8, =0, .
Butﬂel) =

e?" = 1 and also i) = e¥r o |
Thus f8,) = e, although 0, « 8.

Hence f is not an 1Isomorphism,.



